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Abstract
The main purpose of this paper is to give a geometric interpretation of the reciprocity law of the
Fourier–Dedekind sum given by M. Beck and S. Robins. In fact, the V -index of the spinc Dirac
operator on the weighted projective space is equal to the dimension of the space of all weighted
homogeneous polynomials of given degree, and this equality gives precisely the Beck–Robins reci-
procity law. In this equality, the Fourier–Dedekind sums appear as the localization terms of the
V -index of the spinc Dirac operators and have a relationship to the eta invariants of lens spaces.
 2005 Published by Elsevier Inc.
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1. Introduction
The main purpose of this paper is to give a geometric interpretation of the Beck–Robins
reciprocity law. In fact, we prove the index of the spinc Dirac operator Dc ⊗ Lm on the
weighted projective space CP(a0, . . . , an) is equal to the dimension p{a0,...,an}(m) of the
space of all weighted homogeneous polynomials of weight (a0, . . . , an) and degree m,
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operator ∂¯ + ∂¯∗, and L is the “hyperplane” V -bundle, i.e. a generator of the topological
Picard group PictV (CP(a0, . . . , an)) ∼= Z defined in the proof of Proposition 1 below. This
identity gives exactly the reciprocity law of the Fourier–Dedekind sum of M. Beck and
S. Robins [4]. Let a1, . . . , an be integers coprime to p. Then the Fourier–Dedekind sum is
defined as follows:
σm(a1, . . . , an;p) := 1
p
∑
λp=1, λ=1
λm
(1 − λa1) . . . (1 − λan) .
Then the following reciprocity law of the Fourier–Dedekind sum can be proved by using
of the residue theorem and is already proved by M. Beck and S. Robins [4]. This theorem
is a generalization of what Hirzebruch and Zagier called the Rademacher reciprocity law
[16,18].
Theorem 1 (Beck–Robins reciprocity law). Let n be a positive integer and a0, . . . , an be
pairwise coprime positive integers. Then we have the following equality:
n∑
k=0
σ−m(a0, . . . , aˇk, . . . , an;ak)
= − 1
a0 . . . an
T (m)n (c1, . . . , cn) + (a0, . . . , an;m),
where T (m)r (c1, . . . , cr ) is a polynomial defined by
n∏
k=0
akt
1 − e−akt · e
mt =
∞∑
r=0
T (m)r (c1, . . . , cr )t
r ,
with cj = σj (a0, . . . , an) the j th elementary symmetric polynomials, and (a0, . . . , an;m)
is defined by
(a0, . . . , an;m)
=


p{a0,...,an}(m) = {(k0, . . . , kn) ∈ Zn+10 | k0a0 + · · · + knan = m}
(if m 0),
0 (if −∑nk=0 ak + 1m−1),
(−1)np◦{a0,...,an}(−m)
= (−1)n{(k0, . . . , kn) ∈ Zn+1>0 | k0a0 + · · · + knan = −m}
(if m−∑nk=0 ak).
Note that the above theorem is stated in a slightly different fashion for later use and
can be proved by using the residue theorem. So we give a proof in Section 5 for readers’
convenience. To calculate the V -index of spinc Dirac operator on the weighted projective
space, we use the “V -index theorem,” the V -manifold version of the Atiyah–Singer in-
dex theorem. The V -index theorem is proved in the pioneering work of H. Donnelly and
V.K. Patodi [7] using the heat equation method and also in the work of T. Kawasaki [15]
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lowing
Theorem 2. Let n be a positive integer and a0, . . . , an be pairwise coprime posi-
tive integers. Let Dc be the Dirac operator associated to the canonical spinc struc-
ture on CP(a0, . . . , an), and let L be the “hyperplane” V -bundle, the generator of
PictV (CP(a0, . . . , an)) ∼= Z defined as in the proof of Proposition 1. Then the equality
indV Dc ⊗ Lm = (a0, . . . , an;m)
holds for any integer m.
In the above theorem, the Fourier–Dedekind sum σ−m(a1, . . . , an;p) appears as the
localization term of the index of the spinc Dirac operator Dc ⊗Lm. This theorem indicates
that the Fourier–Dedekind sum is related to the eta invariant of the link of singularity.
The eta invariant is discovered by M. Atiyah, V. Patodi and I. Singer in the formulation
of the index theory on manifold with boundary [2]. This invariant is considered to be the
boundary contribution of the index formula on manifold with boundary and is defined in
analogy with the Dirichlet L-functions as the spectral asymmetry of the tangential self-
adjoint elliptic operator. Let Ac be the Dirac operator on L(p;a1, . . . , an) associated to the
canonical spinc structure and L the flat line bundle corresponding to the generator of the
character ring R(Z/p,U(1)) ∼= Z/p. Then the reduced eta invariant ξ˜Ac⊗Lm(0) does not
depend on the Riemannian metric on L(p;a1, . . . , an) and gives a cobordism invariant of
spinc-manifolds with unitary flat vector bundles [3]. By the equivariant calculation of the
eta invariant of (2n − 1)-dimensional sphere S2n−1 under the action of Z/p, we see that
ξ˜Ac⊗Lm(0) = σ−m(a1, . . . , an;p)− σ0(a1, . . . , an;p) (mod Z),
see, for example, [6,12]. Note that P. Gilkey discussed the Beck–Robins reciprocity law
without the determination of  given in Theorem 1 above [12]. On the other hand,
V. Guillemin calculated the Riemann–Roch numbers for general toric V -manifolds [13]
and more generally A. Hattori and M. Masuda developed a theory of multi-fans for torus
V -manifolds and calculated the Riemann–Roch numbers [14]. These results can be used
to generalize the above arguments for torus V -manifolds.
Theorem 2 is a generalization of Theorem 6 in [9] as a special case m = −∑nk=0 ak/2
when
∑n
k=0 ak ≡ 0 (mod 2). In a joint work with M. Furuta and M. Ue [11] we proved
that for n = 2 the combination def(a0;a1, a2) + 8σ−m(a1, a2;a0) of the Dedekind sum
def(a0;a1, a2) and the Fourier–Dedekind sum σ−m(a1, a2;a0) satisfies a reciprocity law
which is essentially equivalent to the reciprocity law given by B. Berndt [5] when∑n
k=0 ak ≡ 0 (mod 2) and m = −
∑n
k=0 ak/2. This Berndt reciprocity law comes from
the modular property of the classical theta function. On the other hand, the above combi-
nation of trigonometric sums is related to the homology cobordism invariant which comes
from the Seiberg–Witten theory [8,10].
This paper is organized as follows. In Section 2 we define a V -manifold structure
of the weighted projective space CP(a0, . . . , an). There is (n + 1)-singular points on
CP(a0, . . . , an) which are the cones over lens spaces. In Section 3 we prove that the topo-
logical Picard group on CP(a0, . . . , an) is isomorphic to Z which parametrizes the set of
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culate the index of spinc Dirac operator over the weighted projective space in terms of the
characteristic number and the isotropy data of the singular points. In Section 5 we prove
the Beck–Robins reciprocity law of the Fourier–Dedekind sum by using of the residue the-
orem. Combining the reciprocity law with the V -index formula, we complete the proof of
Theorem 2.
2. The weighted projective space
In this section we consider a V -manifold structure of the weighted projective space.
For the definitions and several facts concerning V -manifolds, see [17]. Let a0, . . . , an be
pairwise coprime positive integers. Then the weighted projective space CP(a0, . . . , an) is
defined by the quotient
CP(a0, . . . , an) = C
n+1 \ {(0, . . . ,0)}
C∗
,
where the action of C∗ on Cn+1 \ {(0, . . . ,0)} is given by
t · (zj ) = (taj zj ), (zj ) ∈ Cn+1.
CP(a0, . . . , an) admits a structure of V -manifold as follows. First we have the following
homeomorphisms:
Cn+1 \ {(0, . . . ,0)}
C∗
∼=
n⋃
k=0
Cn+1(k)
C∗
∼=
n⋃
k=0
Cnk
Z/ak
,
where
Cn+1
(k)
= C × · · ·×
k
C∗ × · · · × C︸ ︷︷ ︸
n+1 times
and
Cnk = C × · · ·×
k∨
C ×· · · × C︸ ︷︷ ︸
n+1 times
.
In fact the following Z/ak-equivariant map:
Cnk 
 (zj )j =k → [zj ] (zk = 1) ∈
Cn+1(k)
C∗
induces the homeomorphism
φk :
Cnk
Z/ak

 [zj ]j =k → [zj ] (zk = 1) ∈
Cn(k)
C∗
,
where the Z/ak-action on Cnk is defined by( a l )
ζ lk · (zj )j =k = ζ jk zj j =k, ζk = e2πi/ak , l = 0,1, . . . , ak − 1.
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Uk :=
Cn(k)
C∗
⊂ CP(a0, . . . , an), V˜k := Cn−1k , Gk := Z/ak, Vk :=
V˜k
Gk
,
and the natural projection πk : V˜k → Vk = V˜k/Gk from now on. Then we define a local
uniformizing system:{
(Gk, V˜k),πk,Vk,φk,Uk
}
k∈I .
Heuristically, the coordinate transformation φlk = φ−1l ◦ φk from Vk to Vl can be given by
using coordinates (zj )j =k ∈ Vk(l) as follows:
φlk :Vk(l) 
 [zj ]j =k →
[
z
−aj /al
l zj
]
j =l ∈ Vl(k),
where we can choose any branch z1/all and define z
−aj /al
l := (z1/all )−aj . Note that the map
φlk does not depend on any choice of branch z1/all . These maps {φlk} can be regarded as a
locally biholomorphic coordinate transformation from a sufficiently small neighborhood of
the local uniformization V˜k to that of V˜l . Hence CP(a0, . . . , an) is a complex V -manifold.
The singularity of CP(a0, . . . , an) are n + 1 isolated points,
ΣCP(a0, . . . , an) = {p0, . . . , pn},
where pk’s are given by
pk = [0, . . . ,0,
k
1,0, . . . ,0] ∈ CP(a0, . . . , an).
In fact, pk’s are the singularity of the cones over the lens spaces L(ak;a0, . . . , aˇk, . . . , an),
the isotropy group of pk is the cyclic group Z/ak .
3. V -spinc structures on the weighted projective space
In this section we consider the set of all V -spinc structures on weighted projective
spaces and construct the spinc V -bundles. Since any spinc V -bundle is obtained by twist-
ing the canonical spinc V -bundle by line V -bundles, it is sufficient to parametrize the
set of all complex line V -bundles, the topological Picard group PictV (CP(a0, . . . , an)) on
CP(a0, . . . , an).
Proposition 1. PictV (CP(a0, . . . , an)) is isomorphic to Z.
Proof. We note that the set of all line V -bundles on the coordinate neighborhood Vk :=
Cnk
Z/ak are parametrized by the set of all representations R(Z/ak,U(1)). If we define the line
V -bundle LVk on Vk as
LVk :=
Cnk × C
Z/ak
→ C
n
k
Z/ak
and the Z/ak-action on Cnk × C as( ) (( ) )ζk · (zj )j =k, v := ζ akk zj j =k, ζkv ,
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Then any line V -bundle is obtained by gluing these line V -bundles LmkVk . The gluing maps
can be represented by
ψlk :
Cnk(l) × C
Z/ak

 [(zj )j =k, v] → [(z−aj /all zj )j =l , z−βlk/all v] ∈ C
n
l(k) × C
Z/al
for some integer βlk ∈ Z. Since the map ψlk must be equivariant under the action of Z/ak ,
Z/al , we have the following equality:
ζ
−βlk
l ζ
−βlk+mk
k = ζ−mll ,
and this means that
βlk ≡ mk (mod ak), βlk ≡ ml (mod al).
By the cocycle condition for the gluing functions {ψlk}, we have
z
(βml−βmk)/am
m = z(βml−βlk)/all .
Thus, we obtain
βml = βmk, βml = βlk
for m = l, m = k, l = k and hence,
βml = βmk = βkh
for any k, l,m,h ∈ 0,1,2, . . . , n with m = l, m = k, k = h. Therefore, we see that there
exists some integer β ∈ Z such that
βlk = β for any k = l ∈ {0,1,2, . . . , n}.
Let L be the line V -bundle corresponding to β = 1. Then we have the following isomor-
phism:
PictV
(
CP(a0, . . . , an)
) 
 [Lm] → m ∈ Z
and the assertion follows. 
Remark. The line V -bundle L in the above proof is the “hyperplane” V -bundle, the gen-
erator of PictV (CP(a0, . . . , an)) in the statement of the Theorem 2.
4. The V -index of the spinc Dirac operator on the weighted projective space
In this section, we compute the index of the spinc Dirac operator on CP(a0, . . . , an)
by using the V -index theorem of Donnelly–Patodi [7] and Kawasaki [15]. We fix a Rie-
mannian V -metric on CP(a0, . . . , an) compatible with the V -complex structure. Then we
have the following theorem.
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integers. Let Dc be the Dirac operator associated to the canonical spinc structure on
CP(a0, . . . , an). Let L ∈ PictV (CP(a0, . . . , an)) ∼= Z be the hyperplane V -bundle defined
in the proof of Proposition 1. Then we have the following equality:
indV Dc ⊗ Lm = 1
a0 . . . an
T (m)n (c1, . . . , cn) +
n∑
k=0
σ−m(a0, . . . , aˇk, . . . , an;ak).
Proof. First we consider the residual Chern character of the virtual canonical spinc
V -bundle W+c − W−c on CP(a0, a0, . . . , an). Note that there is the canonical lift of the
unitary group to the image of the canonical spinc representation spinc(2n) → End(∆c),
U(n) 
 diag(λj )j =k → diag
(∏
j =k
λ
j /2
j ·
∏
j =k
λ
1/2
j
)
j=±1
∈ End(∆c).
Hence the canonical spinc V -bundle Wc = W+c ⊕ W−c is given by
Wc =
n⋃
k=0
Cnk × ∆c
Z/ak
→
n⋃
k=0
Cnk
Z/ak
= CP(a0, . . . , an),
with appropriate gluing maps and the Z/ak-action on Cnk × ∆c given by
ζk ·
(
(zj )j =k, v˜
)= ((ζ ajk zj )j =k,
(∏
j =k
ζ
j aj /2
k ·
∏
j =k
ζ
aj /2
k
)
j=±1
v˜
)
.
Hence the residual Chern character of the virtual spinc V -bundle W+c − W−c is
chpk
ζ lk
(
W+c − W−c
)= ∏
j =k
(
ζ
−aj l/2
k − ζ
aj l/2
k
) ·∏
j =k
ζ
aj l/2
k .
Then by the V -index theorem of Donnelly–Patodi [7] and Kawasaki [15], we obtain
indV Dc ⊗ Lm =
〈
Td
(
CP(a0, . . . , an)
)
emc1(L),
[
CP(a0, . . . , an)
]〉
+
n∑
k=0
1
ak
ak−1∑
l=1
∏
j =k(ζ
−aj l/2
k − ζ
aj l/2
k ) ·
∏
j =k ζ
aj l/2
k∏
j =k(1 − ζ aj lk )(1 − ζ
−aj l
k )
· ζmlk
= 〈Td(CP(a0, . . . , an))emc1(L), [CP(a0, . . . , an)]〉
+
n∑
k=0
1
ak
ak−1∑
l=1
∏
j =k
1
1 − ζ−aj lk
· ζmlk
= 〈Td(CP(a0, . . . , an))emc1(L), [CP(a0, . . . , an)]〉
+
n∑
k=0
σ−m(a0, . . . , aˇk, . . . , an;ak).
Next we evaluate the pairing〈
Td
(
CP(a0, . . . , an)
)
emc1(L),
[
CP(a0, . . . , an)
]〉
by using the intersection theory.
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Mα :=
{[zj ] ∈ CP(a0, . . . , an) | zα = 0}⊂ CP(a0, . . . , an),
and µα the Poincaré dual of the homology class [Mα] ∈ Hn−2(CP(a0, . . . , an) : Q),
µα := PD
([Mα]) ∈ H 2(CP(a0, . . . , an) : Q).
Then the total Chern class of the tangent V -bundle can be written as follows (see [14]):
c
(
T CP(a0, . . . , an)
)= n∏
α=0
(1 + µα).
The hypersurface Mα has the following V -manifold structure:
Mα =
n⋃
k=0
Cnk ∩ {zα = 0}
Z/ak
.
Let us define the line V -bundle Lα corresponding to the divisor Mα as follows:
Lα :=
n⋃
k=0
Cnk × C
Z/ak

 [(zj )j =k, u] → [zj ]j =k ∈ n⋃
k=0
Cnk
Z/ak
∼= CP(a0, . . . , an),
where the Z/ak-action Cnk × C is defined by
ζk ·
(
(zj )j =k, u
)= ((ζ ajk zj )j =k, ζ aαk u)
and the gluing function of Lα is
Cnk(l) × C
Z/ak

 [(zj )j =k, u] → [(z−aj /all zj )j =l , z−aα/all u] ∈ C
n
l(k) × C
Z/al
.
Hence we can take the following V -section σαi ’s of the line V -bundle Lα :
σαi : CP(a0, . . . , an) 
 [zj ]j =k →
[
(zj )j =k,α, zaα/aii
] ∈ Lα
for i = k. Then [Mα] is the Poincaré dual of the 1st Chern class of Lα :
[Mα] = PD
(
c1(Lα)
)= [σ−1α,i (0)] ∈ Hn−2(CP(a0, . . . , an) : Q).
Next we consider the 1st Chern class of the line V -bundle L. Recall that the line V -bundle
L is
L ∼=
n⋃
k=0
Cnk × C
Z/ak

 [(zj )j =k, v] → [zj ]j =k ∈ n⋃
k=0
Cnk
Z/ak
∼= CP(a0, . . . , an),
where the gluing function is given by
Ck(l) × C
Z/ak

 [(zj )j =k, v] → [(z−aj /all zj )j =l , z−1/all v] ∈ Cl(k) × CZ/al .
Then we can take the following V -section τi ’s of L:[ ]
τi : CP(a0, . . . , an) 
 [zj ]j =k → (zj )j =k, z1/aii ∈ L
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Chern class of the line V -bundle L. Then we have
[N ] := PD(c1(L))= [τ−1i (0)] ∈ Hn−2(CP(a0, . . . , an) : Q)
for any i = k. Hence we can evaluate the following pairing. Note that their intersection is
only at the origin of the local coordinates C
n
k
Z/ak and is transversal. So we count the intersec-
tion in the local uniformization and divide it by ak ,〈
µ
m0
0 µ
m1
1 . . .µ
mn
n c1(L)
m,
[
CP(a0, . . . , an)
]〉
= 
n⋂
α=0
Mmαα ∩ Nm
= 1
ak
· 
n⋂
α=0
∑
βα mβ⋂
i=∑β<α mβ, i =k
σ−1αi (0) ∩
∑
α mα+m=n⋂
i=∑α mα, i =k
τ−1i (0)
= 1
ak
·
n∏
α=0
∑
βα mβ∏
i=∑β<α mβ, i =k
aα
ai
·
∑
α mα+m=n∏
i=∑α mα, i =k
1
ai
= 1
ak
·
∏n
α=0 a
mα
α∏
i =k ai
=
∏n
α=0 a
mα
α∏n
k=0 ak
= a
m0
0 . . . a
mn
n
a0 . . . an
.
By using the above equality, we can evaluate the pairing〈
Td
(
CP(a0, . . . , an)
)
emc1(L),
[
CP(a0, . . . , an)
]〉
=
〈
n∏
j=0
µj
1 − e−µj · e
mc1(L),
[
CP(a0, . . . , an)
]〉
=
〈
rest=0
(
n∏
j=0
µj t
1 − e−µj t · e
mc1(L)t
dt
tn+1
)
,
[
CP(a0, . . . , an)
]〉
= 1∏n
k=0 ak
rest=0
(
n∏
j=0
aj t
1 − e−aj t · e
mt dt
tn+1
)
= 1
a0 . . . an
T (m)n (c1, . . . , cn).
Hence the assertion follows. 
5. The Beck–Robins reciprocity law
In this section we prove Theorem 1 for reader’s convenience. Then Theorem 2 immedi-
ately follows from Theorems 1 and 3.
Proof of Theorem 1. We consider the following rational function:
f (z) = 1
n∏ 1 · zm.z
k=0 1 − z−ak
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z = ∞ depending on a0, . . . , an,m. We will calculate the residue at each pole as follows.
The residue at z = ζ lk with l > 0 is
resz=ζ lk f (z) dz =
1
ak
∏
j =k
1
1 − ζ−aj lk
· ζmlk .
In case l = 0, i.e. z = 1, we can calculate the residue at z = 1 as follows:
resz=1 f (z) dz = rest=0 f (et )et dt
= rest=0
(
1
et
n∏
k=0
1
1 − e−akt · e
mt · et dt
)
= rest=0
(
n∏
k=0
1
1 − e−akt · e
mt dt
)
= 1
a0 . . . an
rest=0
(
n∏
k=0
akt
1 − e−akt · e
mt dt
tn+1
)
= 1
a0 . . . an
T (m)n (c1, . . . , cn).
Now we consider the behavior of f (z) dz at z = 0,∞. The origin z = 0 is a pole if and
only if
∑n
k=0 ak + m − 1 < 0. In this case, we can rewrite the function as follows:
f (z) = z
∑n
k=0 ak+m−1 · (−1)n+1
n∏
k=0
1
1 − zak
= (−1)n+1z
∑n
k=0 ak+m−1
n∏
k=0
(1 + zak + z2ak + · · ·)
=
∞∑
l=∑nk=0 ak+m−1
clz
l,
where the coefficients cl’s are defined by
cl = (−1)n+1
{
(k0, . . . , kn) ∈ Zn+10
∣∣ k0a0 + · · · + knan = − n∑
k=0
ak − m + 1 + l
}
.
Hence the residue of f (z) dz at z = 0 is c−1 and therefore
resz=0 f (z) dz
= (−1)n+1
{
(k0, . . . , kn) ∈ Zn+10
∣∣ k0a0 + · · · + knan = − n∑
k=0
ak − m
}
= (−1)n+1{(k0, . . . , kn) ∈ Zn+1>0 ∣∣ k0a0 + · · · + knan = −m}
= (−1)n+1p◦{a0,...,an}(−m).
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w = z−1 at infinity z = ∞, then the 1-form of f (z) dz at z = ∞ can be written as follows:
f (z) dz = −w−m−1
n∏
k=0
1
1 − wak dw = f˜ (w)dw.
Hence the infinity z = ∞, i.e. w = 0 is a pole if and only if −m − 1 < 0. By the similar
argument, the residue of f (z) dz at infinity z = ∞ is
resz=∞ f (z) dz = resw=0 f˜ (w)dw
= −{(k0, . . . , kn) ∈ Zn+10 ∣∣ k0a0 + · · · + knan = m}.
Then the assertion follows from the residue theorem:
0 =
∑
t∈CP1
resz=t f (z) dz
=
n∑
k=0
ak−1∑
l=0
resz=ζ lk f (z) dz + resz=1 f (z) dz − (a0, . . . , an;m),
where (a0, . . . , an;m) is defined by
−(a0, . . . , an;m) =


resz=∞ f (z) dz, m 0,
0, −∑nk=0 ak + 1m−1,
resz=0 f (z) dz, m−∑nk=0 ak.

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